
张量分析与微分形式

I Tensor Analysis

1.1 Introduction

scalar 0 rank

vector 1 rank

A tensor of rank n.cl_ dimension

l u indices n d d components

2 component transformed in a special manner

1.2 Covariant and Contravariant tensor

l
Ai ⼆ 点 if Aj⼆⼿器Aj

忧 𡦀 F器器

A'i 爱 AJ contravariant

Bi in Bj covariant

B Tensor of rank 2

A圢 SikAke SjA 圢
2䓙 签 Akl

A S A ST
CA'ij 2䓙 噐 Ake

Similarity transformation

congruent ⼀

⼩ j 器 器 Ake



1.4 A t B C

Ait Bi cij

Symmetric Ann An

anti_symmetry Ann_Aum
AT Í A 午A ti Any y

h5 Isotropic tensor

sie 泰
⽔ 器 器器 ⻢嘉 j

16 Contraction

I 5 Ai Bi

l B'ii ⼆
⼦器 a噐 Bke ⼆ 器股 89 13年 13个

scalar trace is invariant

tr P AP tr APP 1 t r A

1.7 Direct Product

Ai 昿 cicm.ABie F

eExawplel.ciaíb ⼆ 器 a t be ⼆ 器器 a

Generally 器 t Pi



1.8 Quotient rule

Ki Ai B Kiljk A Bkc

if the equation holds in all transformed coordinatesystem

ki Aj Bi Ki Aj ⼆ Bi

Bi ⼆ 器 Bm 器⼀ Ki Aj 器 ki 器 An

器 器 ki An Ki Ai
Ki 器 器 ki

Example 2

六点 ⼀ ⻔ A T

19 Spinor

YLsin I I a

Scalar vector tensor Spinor

No pseudo vector

A SA
vector

A ⼆ detests A

phoIeetuv

Vx V P x P P
T x P P xT T



Example 3 三 阶全反对称不变赝张量
1

7ijk detCAJapajqqrq.gr Iii ji1.11 Dad Tensor

Anti_symmetric tensor C associate with a pseudovector

did rank

C i Ìcijkcik 4 GS C C c
2

信 您到 different representation of the
Same thing

Vik A i pick
A B c

V Gk V1氷 CjkAiBick T 5 c2
A3 133 c3

Hodge dud n_dimension space p

raktensovsiTipl l.fi 么 inT.pt in

2 Tensor in general coordinate

2.1 Metric lens or

2.1.1 covariant basis vector i
i 章 it 靠g 蛋 È



Ā ⼆ A'it AT N i

d i f dq i gdqj i.si
dqidqji.gjdqidqjDefnegiji.in
Covariant tensor

gikgg gjkgkin.si

gij Fi Fi j Fi F

Ǎ A i i Ai Sisi Aigijgikà Aji
2.1.2 Contravariant Base

i ⼆ 装 a 琴⼸ 器 È

i.si 器器 ___ 器器 Sj

sig ci.ci
1𠠬黎燮 新 ⼆器器 si

ci.ci gij j j E



Example 4

X rsnocosyy rsnosmyz

rcosoiilsnocosq.snasme cos0

d rcosoosy.ro sosnug _rs.no

i l rsmosny.rsmoosy.co

g n j m1 1

Ǎ 5 i i Bji A iBjli.ci Ai Bi

4 j 莹
⼦

器 i 器 i 器 gilá

器 á

V i 器Vkn.ci
Din

ii

器 器 器 籝



器 器 á 1噁
Let ⼦

意 尉 in Tj Christoffel symbol of
the second kind

碌 in 器
Tjilii

Proof 㡭 剥器划

器 剥 㔇

i 器 átiá
第⼗ U砧 i

lfj 筘 t V T lit U䧔

7⼼ Viii 器 Ti int

Vii is
dǖ

lijdqiji.cl



2 UmUm 2Um Ut Um2Um

2iUm ⼼ 2ilumuml.am2Um

IT Um UM 2 umumj um7 eu m

2 um ⼼ ⼀ Umlaut Iii
2Um um_ Ii up um

7ium zium E.iq
2.3 Christoffel symbol of the first kind

i j.k gmkfjm⼆局 k

gnn.in意 i 器
gij i.ci
2

𠤣 器 si i 器 ikjjtcjk.is

2

䈵 ij.la It Cjk i 了

⼦

器 ji k ki j

i j.k i 器
2
器 ⼀ 器



j gnkcij.la i i
2

嵡
2

管 ⼀器

Example 5

㼦 t snowy 癷 _grassy 誊
器 rsmoc.my 章⼆ Rtraising

X Rt rose 以 4器 rose 㞪 o

y Rt rose sung

Ho F He Rtrasoi E ⼆ rs.no

got 940 o

o

gu.fi0 Rt rose 2

i 㣺 州⼀ i

j i i 雀 楽 ⼀邀
瓧 iglgokotgn.gg ⼆ 0

1𦭛 0 偘



⼚品 ⼆ igklgek.atgene 944 k

12900tgee.co

⼆ ing 2 Rt rosa sm or

藏
偘 ⼆

混 ⼆

⼗品 T

I Am 2Am i A 0

2Am ⼆ TAX

Example 6

器 器 瑟i Snocosy snosme.co so

d rcosoosy.ro sosnug _rs.no

i l rsmosny.rsmoose o

i f s 9 a so cosy s.nosince cosQ



900q foosy 卡 ososny.tl

d 94 1_l rsmosy.rsmoosy.co

2.4 Tensor Derivative Operator
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For orthogonal frame
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2 Differential Forms
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Example.I Green's Theorem in plane
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