13.Gamma Function
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1 13.1 Definition,Properties

In order to get the analytic continuation of factorial notation and anal-
yse the properties, we will research the the gamma function in this chapter.

The factorial is:

nl=1x2xX3X..Xn

And first, here are three definitions of Gamma function which satisfies

I'(n) = n! when n is an positive integer.
o Infinite limit(Euler)
o Definite integral(Euler)

o Infinite product(Weierstrass)

1.1 Infinite Limit

The first definition:
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Difference equation:

I'(z+41) =2I(z)



From the definition,

r(1) =1
I =1
I'(3) =2T'(2) =2
I'(4) =6I'(3) =6

1.2 Definite Intergral

The second definition:

[(z) = / e "t*71dt, Re(z) > 0
0

An intersting result:

F(i) =

An important function to show the equivalence of these two definitions:

F(z,n) =n* /01(1 —u)"u !

1.3 Infinite Product

The third definition:
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1.4 Properties

o I'(z+41)=2I(2),I'(2+1) = 2!

e I'(2)I'(1—2)= =

sin(z7)
e P(1+2)0(z+3) =2"/al (22 + 1)
¢ Residues:

=
n!

R, =limel'(—n+e¢) =
e—0



o Schlaefli Integral:

/ e "tvdt = (™ — D)I'(v + 1) = 2ie™™T'(v + 1) sin(v7)
c

2 13.2 Digamma and Polygamma Function

2.1 Digamma Function

Definition:

d I'(z+
P(z+1) = alnf(z+1): TGl

2.2 Polygamma Function

The digamma function may be differentiated repeatedly, giving rise to

the polygamma function:

(m) dm+1

Set z to be zero, defining the Riemann-{ function,

=1
2o

¢(m)

2.3 Maclaurin Expansion

Maclaurin expansion for InT'(z + 1)
N (1) = g S gy
TG 1) = 32700 = e+ 3o )

3 13.3 The Beta Function

Then we research the product of the gamma functions.



3.1 Forms

Beta function:

L'(p)l'(q)

]

Some useful description:
e B(p,q) =2 foﬁ/Q cos?~1 9 sin??"1 Hdb
« B(p,g)= [, "' (1— )" dt

0 wuP—1
« B(p,q) = foo (utDpFa

3.2 Legendre Duplication Formula

We have:

I'(z+DI'(z + %) = T@F

And we can proof this easily when n is an integer.

(2z+1)

4 13.4 Stirling’s Series

A roughly formula:

Inl'(z+1)~zlnz—=z

A little precise formula:

InT(z + 1) ~ \/QWn(Z)”

5 13.5 Riemann-( Function

The definition of {(z):

((z)=) n~"



Integral representation:

((z) = F(lz) /OOO eiZ: 1,Re(z) >1

(-function reflection formula:

z z 1_Z 1—

P(S)m () = (5 )n 51— 2)

6 13.6 Other Ralated Function Additional Read-
ings(*)
6.1 Incomplete Gamma Functions

From gamma function, we can define another two function

~v(a,z) = / e "t tdt, R(a) > 0
0
I'(a,z) = / e "t 1dt, R(a) > 0
Clearly, these two functions are related, for

v(a,z) +T'(a,z) =T'(a)

6.2 Incomplete Beta Function

From beta function,

Bu(p.q) = / P11 £y dt
0

6.3 Exponential Integral

Exponential integral,

—t

—Fi(—z) = /00 %dt = Ei(x) =T(0,2) = lim[I'(a) — v(a, x)]

a—0

More related integral:



o si(z)=— [ migy
o Ci(z)=— [ cxtgt

o ci(z)=— [T &

z Int

6.4 Error Function

The error function er f(z) and the complementary error function er fc(z)

are defined by the integrals

efr(z) = j% / et = 7iy (L, 2?)
0

erfe(z) =1—efr(z) = /OQ et = W_%F(%,ZQ)



