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10.5:

We can derive that

0S(q, a,t 1
95(¢, o t) = ——mw?(a? + ¢* — 2aq cos wt) csc? wt
ot 2
and 99
t
((é’a’) = mw(q coswt — a) csc wt.
q

It is obvious that we can write the Hamiltonian as,

oS 1
H (q, % t> = §mw2[(q coswt — a)? esc? wt + ¢°].

Therefore, the principal function satisfies,

0S(q, a,t) oS
S g (.22 ) =
at + (q? aq ) ) 07

which is a solution of the Hamiltonian-Jacobi. And clearly, by the Hamilton’s equations,

_em
p - aq q7
. OH p
q= (97 = —
D m
It leads that
j+w?q=0.

Thus, this function generates the solution to the motion of the harmonic oscillator.

10.11:
We have )
Arx 2rx . 27x
z2=———Acos — sin —.
A A A
Thus,
1 1672 A2 2 2 2
L= imjz2 (1 + 7;2 cos? 7>T\SU sin? 7>T\$> — mg cos? %

And as a result, we have

COS S1814

oL ( 16m2A4% 27w 227r:c>
p= =mz |1+ .

e A2 A A
And )
2
H=pi-L= . 2p +mgAcosQLx.

2m (1 + 7167;\2‘4 cos? 252 sin? Q’TTI) A
And naturally, we have

dr OH P

dt  dp (1 + 47r;2AQ sin2 4%)

1
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dp OH p? 4m?A?sin L cos 5L 47 " 2rx . 27x
-— == 5 5 — —mgA cos —— sin ——.
dt ox m (1 n 473?542 sin2 MTQC> A A A A

This is the evolution of the system in the phase space.

10.14:

The Hamiltonian is
I OS 1 795 Kk
“ oz 2m \ Ox |z|
The Hamilton-Jacobi equation yields

1 (es\_ k05,
2m \ Ox lz| ot

Because the energy is conserved, we can take the principal function as the form
S=W(z,E)— FEt+C.

Providing the energy is negative,

1/2
ow =V2m L |E| .
ox ||

The turning point is at = +k/|E|, and the action variable is,

k/|E| 1/2 2
J = fpdq_zh/ / [—E} da = 2rk ‘g?

Then we can express the Hamiltonian as

The period is

oH\ ! 16mmn2k2\ kv 2m
T=1/v= (%) =(—"r") =21
oJ J3 |E|3/2

10.17:

The Hamiltonian of projectile is given by

2
Pa:

H =%z 4 =Y
2m+2 + mgy.

The Hamiltonian-Jacobi equation reads

i 878 2_|_L 875 2+ +aS 0
2m \ Oz 2m \ Oy IV '
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Since the Hamiltonian does not depend on time explicitly, we can write the principal function as

S = —Et+W(z,y)+C.

L OWNE L OWNE L
2m \ Oz 2m \ Oy Iy =

Since the Hamiltonian can be decomposed as

H=f (367%2/)4-& (3/7%2/),

W = Wl(x) + WQ(y).

Therefore, it turns out

we can also decompose W as

We have

1 [dW;\?
(de> —a; = Wi = £vFayma,

2m

1 /d 2 21/2(cvg — 2
( W2> gy = s = Wy = + V2(o2 — mgy) 7
2m \ dy 3gy/m(ag — mgy)

a1 +ag =F.

Therefore, the principal function is

2v/2(ag — 2
S =—FEt+201mz + v2(az —mgy) + C.
3g/m(ag — mgy)

2
61 = 05 =—t+ ﬂl‘ — r ==+ ﬂ(ﬁlet),
day \ 201 V. m

oS V2m e}
fo= g =t Ve gy =y =2 = ()

- Oas mg

Putting initial conditions, we get

We can derive

T = vpt cos a,

. L 5
Yy = vptsSino — §gt .

10.26:

The Lagrangian is
_ 1, .2 1. 2 _ .
L= 211(0 + 1 sin“ ) + 2]3(¢+1[)COSG) Mgl cos 6.

The conjugate momenta are

bo = -[197

py = I3(¢) + ¢ cosh),
Py = I3th cos O + (I sin? 0 + I3 cos? 6).
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After that, we have

E = %Igwg + 1210)_8;(;0;9)2 + Mgl cos 6.
Where
Ia = py,
Iob = py.
We assume that
o= ﬁw + Mgl cos 6.

2 sin2 0

After separation of variables, we have

W =W(0) + W() + W(e).

Where
W(¢> = 1—16“/17
W(¢) = 11b¢.
And
_ 2
W(0) = /d9\/2[1a - I%w — 21 Mgl cos#.
sin“ 6
And
oy
1™ 9a”
oW
52 — Ea
oW
B

And after rearranging parameters, we have
02 = (1- u2) (o — Bu) — (b — au)?.

Where

2F — I3w}
o= ———

I
_ 2Mygl
=5

B



