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8.9:

It is straightforward to write down that,

S =

∫ t2

t1

(pidqi −Hdt− λkψkdt) .

Then we can define H ′ = H + λkψk, the canonical equations become,

q̇i =
∂H ′

∂pi

ṗi = −∂H
′

∂qi

.

That is,
∂H

∂pi
+
∑
k

λk
∂ψk

∂pi
= q̇i

∂H

∂qi
+
∑
k

λk
∂ψk

∂qi
= −ṗi

Let’s take a constraint as ψ = H (q1, . . . , qn+1; p1, . . . , pn) + pn+1 = 0, we can have

(1 + λ)
∂H

∂pi
= q̇i

(1 + λ)
∂H

∂qi
= −ṗi

λ = λ
∂ψ

∂pn+1
= q̇n+1 =

dt

dθ

8.16:

(a) By the Hamilton equation, we have

q̇ =
∂H

∂p
=
p

α
− bqe−αt,

=⇒ p = α
(
q̇ + bqe−αt

)
.

The Lagrangian is

L = pq̇ −H = L =
α

2
q̇2 + αbqe−αtq̇ − αab

2
q2e−αt − kq2

2
.

(b) (c) It is easy to find that

L =
α

2
q̇2 − k

2
q2 +

d

dt

(
1

2
abq2e−αt

)
.
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Therefore we can take
L′ =

α

2
q̇2 − k

2
q2,

and
H ′ =

α

2
q̇2 +

k

2
q2

The two Hamiltonians have the same physical meaning.

8.26:

(a) Take the Lagrangian as,

L = T − V =
1

2
mẋ2 − k1

2
x2 − k2

2
(a− x)2.

Therefore the Hamiltonian is,

H = T + V =
1

2
mẋ2 +

k1
2
x2 +

k2
2
(a− x)2.

There is no explicit time dependence of Hamiltonian. Thus the Hamiltonian and energy is
conserved.

(b) Just substituting x with Q, we get,

L =
1

2
m(Q̇+ ωb cosωt)2 − k1

2
(Q+ b sinωt)2 − k2

2
(a−Q− b sinωt)2.

Now the canonical momentum is,

P =
∂L

∂Q̇
= m(Q̇+ ωb cosωt).

Then the Hamiltonian is,

H = PQ̇− L =
1

2
mQ̇2 − 1

2
ω2b2 cos2 ωt+

k1
2
(Q+ b sinωt)2 +

k2
2
(a−Q− b sinωt)2.

Now there is explicit time dependence of Hamiltonian, which is not conserved. However, the
energy is conserved.

8.32:

Now we have
f(U) = U̇2 =

(
1− U2

)
(α− βU)− (b− aU)2

Where
U = cos θ

And θ is the nutation angle. Now we will set that

U = u0 + u
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Where u0 is the steady state, and u is infinitesimal. Now we have

βu30 −
(
α+ a2

)
u20 + (2ab− β)u0 + α− b2 = 0

As well as
3βu20 − 2

(
α+ a2

)
u0 + 2ab− β = 0

At this time, we have
ü+

(
α+ a2 − 3βu0

)
u = 0

And notice that
α =

2Mgl cos θ0
I1

β =
2Mgl

I1

a =
I3
I1
ψ̇0

b =
I3
I1
ψ̇0 cos θ0

So the top is nutating as a hormonic motion. That is,

ω =
√
α+ a2 − 3β cos θ0 =

√
I23
I21
ψ0

2 − Mgl cos θ0
I1

.
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