Hao-Cheng Zhang (202100141063)  Classical Mechanics HW9 January 6, 2023

9.22:

We want to find a most general form of P; and P, for this point transformation,

Q1 a

Q| _| nte
Py Py (q,p)
P2 P2 (Q7p)

We can define,
Fy(q1, P1,qo, Po) = ¢iP1L + (1 + q2) P + g(q1, 42).-

Since this transformation is canonical, we have,

OF: 0
D1 -2 ZQQ1P1+P2+7ga
oq1 oq
dg
=P, + —=.
P2 2+ 20

Inverting them, we find,

We want to choose a function ¢(g1,g2) such that the Hamiltonian is cyclic in @1 and Q2,

H'(P,P,) =H = (%)2 +p2+ (@ + @)’
1, 0g dg dg
— H =[P — — (= - )+ P+ = +(2 2
We can choose,
1
9(ar,a2) = —3(@ + a2)
Then the new Hamiltonian is,
H =P’ + P,
Therefore,
Q1 =2P = Q1 = 2Pit + Qu,
Q2=1 = Q2 =1+ Qu,
P=0 = P = Const,
Pg =0 — P, = Const.
And,

a1 =\/ Gy + 2Pt
g2 =qi0 + q20 +t — \/qiy + 2P1t,

\/ﬁ0+2Pﬁ(
q10
P2 =p20 — 2(q10 + g20)t — t*.

p1 = P10 — P20) + P20 — 2(q10 + ¢20),
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9.25:

(a) By Hamilton’s equation of motion, we have,

._OH
i =%, =pd"

1
‘:—7:—224 —
p dq P q +q3

Since the Hamiltonian doesn’t depend on t explicitly, energy is conserved.

¢ 1

F=——4+—.
2q¢* + 2q2

With initial conditions ¢(0) = 0, ¢(0) = go, we find that,

1 q? 1
202 = 24 T 22
2q5  2¢*  2q

cost

(b) What we need to find is,

1 1 1 1
H/(Q’P) = H(q7p) = 7P2 + 5@2 - 7p2q4 + PN

2 2 2q2
It’s obvious to find that,
Q =

1
q?
P = —pq2.

We can verify that the transformation is canonical, that,

[va]qp =1

For the Hamiltonian, we have, ) .
R+Q=0 and P=0Q.

Solve the equations,

cost 1
Q="""=",
q0 q
—sint 9
P = = =g,
40
which are agreed with the results in (a).
9.29:
In Kepler’s problem, we can express
k
a=—-——,
2F
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- 2E12
e= —
mk2’
B \/ k| 8E3
YNV mad T mk?2’
1—e 0
= 2arct tan —
Y arctan p an 5
T 21 — Y 4+ esiny
w
where E = (7% + r262) — %,l = mr20.
The Poisson brackets are,
2mr63

[a,e] = —

; ; 2 604 40202
k (’r292 + 92) \/k +mr ekg—mr 620

2kmrt6? <9\/k2+mr692§mr4é2é2 + 2rfsin 9)

[aﬂb] =

(r292 + 92> \/k2+mrﬁézjmr4é292 <2k2 cos 0\/k2+mrsézjmr4é2é2 + 2k2 + mri6? <r292 + 02)>

[a,w] =0

—_—m -1+ ——5— | Tan|;
[ k2 < mr® rd? td? « mr® td* r [ y

outsae - | [2r®¢d? (rd? « r2 £d?)? |-k rd, [ ——————————— +rd (K* +mr® td® (rd? + r? td?) ) Cos|2ArcTan
i k

1 ;‘1 nré ta? (rd2or? ta?
\ =

[ me*ed® (ra?ir? ) | r1
‘ 1-\l+——5— [Tan|;
2 s an 5 [ K2 emr® rd? td? < mr® td® _, r v
rtd [-2k“Sin[t] + 2k Y e — Sin t - 2ArcTan
! o 1. |1 mré td? (rd?.r2 td?

7
Y K

[ me*td? (re?ir? ta?
1- f1. 5 — T =
- v K
2k? +mr® rd? td? - mr® td*) Sin|2ArcTan

Tan[ %]
24

mré td? (rd2.r? ta?

1+ [1+
\ 2

rd? < r2£d?)% )32 [42 pd g td? < m S td
Zm v K2

[ K2« mr® rd? td? « mr® td*
212 < mrt td? rd2~r2tdzz~2kz.\g‘mprk72mr
V

kB‘—

Coslt ‘

[a7 T] =

where rd represent 7, td represent 6, t represent 6.

m2r8yf* <r292 + 7'“2)

2 694 4:.202 2 604 4202 A A .
k2\/k tmr ekjmr =0 <2k2 cos 9\/k Tmr ekjmr 207 4 2k2 + mr6?2 (7"292 + r2>>

[671/1] -

3
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; 3
. 7202472
3mrse® _ (o) - )
E,W| =
[ ’ ] 2, [ k24mr644mrii262
k =

: r22472)° 2 694 4,202 S
3m7,.492 _( - ) (T’\/k +mr Gk;—mr 720 + 2rfsin 0)

W}?w] ==

2 604 4:202 2 604 4202 5 A .
\/k +mr Gk;—mr 20 <2k2 cos 0\/k tmr Gk;mr 207 4 2k2 + mrt62 ('r2«92 + 7"2>>

4 a? (ra? e? ta?

8 102 ra.e2 ra?

R L (K emr mré td* R L
rtd [-2k*Sin(t) « 2K | Sin t - 2ArcTan 2k s mr® rd® td + mr® td*) Sin 2ArcTan

4 a? (ra? 62 ta? [ e re o ea?

where rd represent 7, td represent 9, t represent 6.

[¢, T] = very very complicated. ..

le, T = very very complicated. ..

9.30:

(a) Let’s say A and B are 2 constants of motion, we can prove that,

Therefore, [A, B] is a constant of motion even when the constants depend upon time explicitly.
(b) We can show that, if,

oF
[Fv H] - Ev
OH
HH =—=
[ ) ] 8t 07
then,

o"F a" 0 o"F
g Bl = gl HL = 5 G
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Therefore, the nth derivative of F is a constant of motion. (c¢) In this case, the Hamiltonian,

The Poisson bracket,
OHOF _OHOF __p

H F)=— - — =
|H, F] ox Op  Op Ox m’
and the partial derivative of F' is,

OF D

— =——=[H,F].

5 =, F]
Therefore, F' is a constant of motion.



