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Solution:
Firstly, we write down the Lagrangian of each ball, for the top ball

L= 1IwQ — mg?H,

2

and for the other 3 bottom balls which are symmetric,

1 1
L'= §m7"2(22 + il(wf + w3 +w3),

where I = %mR2 and r = %ER. Then by the Euler’s equations, we have

L=M+LxQ,
that are
Iy = fiRcosf + Twf),  (x direction) (1)
Iy = faR — Iw1Q), (y direction) (2)
IWs = fiRsind, (z direction) (3)

[

where 6 is half of the top angle of the tetrahedron satisfing sinf = %* and cosf = \/Tg, f1 and fy are

respectively the horizontal and vertical component of friction.



Secondly, using the Lagrangian’s equation, we can derive

mg = 3N cosf + 3fasinf, (z direction equilibrium for the top ball) 4)
w=—-3f1Rsinf, (rotation equation for the top ball) (5)
mrQ = f1. (rotation equation for the system) (6)

We can calculate the relative velocity of the meeting point. Denoting its horizontal and vertical component

as v; and v respectively, we have
vy = (Qr —wiRcosld —wzRsinf) —wRsind,
and
Vg = OJQR.

Then we have the constraint on the friction

fi v (Qr —wiRcosf —wsRsinf) — wRsin 7)
fa vy wo R ’

and the relationship between friction and constraining force
f=y\f+f=nN (8)

Now we have 8 unknowns, fi, fa, N,w,wi,ws,ws3, {2 and 8 equations. It is worth noting that the above
discussion is under the premise of balls slipping on the meeting point.

We then solve these equations numerically. We set the initial condition as

m = bkg,
g=9.8m/s%,
R =0.2m,
pn=0.1,
wo = Ts7 L,

w1p = wao = wzg = 2o = 0.

We first consider the evolution of angular velocity with slipping. After that we can consider the pure rolling
condition and set a cut-off on the results.

we can use this code in Fig. 1 of Mathematica to numerically solve angular velocities.



ClearAll[" +"]

g=9.8; N
R=0.2;

mae0.1 s0l = NDSolve([ (eqns), (f1[t], f2[t], NO[t], wo[t], wi[t], w2[t], w3[t], Omega[t]}), (t, @, T}];
w=7;

T=20;

t . t T
tabt = Table[0.05 x, {x, @, 20/0.05}]; Plot[we[t] /. sel, (t, @, T}]

tabe = Table[we[t] /. s0l, {t, ©, T, 0.05}];
.qn.:{

map® = Transpose® (tabt, tab@) // TableForm

2 Ve 2

= mRwl'[t] = fl[t] + =mR w2[t] Omega[t], (+»/ER¥EZh I H.
: sz H Plot[wl[t] /. sol, (¢, ©, T}]
ZmRwW2'[4] = F2[] - — mRwl[t] Omega[t], (+/ERFEFNF TR
H H tabl = Table[wl[t] /. sol, (¢, 0, T, .85)];

2 V3 X N
;mlw!'[t] = f1[t] T, «NEREEFH TR Plot[w2([t] /. sel, (t, @, T}]
mg==No[t] V6 + f2(¢] V3, (+EF 7 Fis tab2 = Table[w2[t] /. sol, {, @, T, ©.05}];

we' [t] = -V3 FI[t] R, (+ KERFEFH .

2 . Plot[w3[t] /. sol, (t, 0, T}]

=3 mROmega’ [t] = F1[t], (+FGEitEN I .

3

tab3 = Table[w3[t] /. 501, {, @, T, ©.05}];
2 Ve B V3 e

F1[t] w2[t] = |Omega[t] — V3 - wi[t] — -w3[t] — - w@ [t] — | F2[t], («ZIH I E
3 3 3 3 Plot [Omega[t] /. sol, (t, ®, T}]

\]n[u’ +f2[t]? =muNO[t], (+EBASEI AR tab0 = Table[Omega[t] /. sol, {t, ©, T, .85}];

w0[0] == w, wl[0] == 8, u2([0] == 8, w3[0] == 8, Omega[e] == o} ;

Figure 1: The code of calculating slipping state

The numerical result is showed in the following Fig. 2,
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Figure 2: The numerical results of angular velocities with slipping

Then we can combine them together as one and do some mathematical treatment as shown in Fig. 3. By

this figure, we can see the condition for pure rolling.
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Figure 3: The numerical results of angular velocities combining in one figure

The pure rolling condition are v;1 = 0 and vy = 0, that mean w; = we and 2} = w + w3. From the
above figure, we can point out that the condition roughly satisfied occasionally, such as t = 7.2 ~ 7.6s or
t =10 ~ 10.4s. Providing the time long enough, we can finally get some point that the system stop slipping.
Let’s say it happens at t = 7.25s, then we cut off the value after that moment and get the final result as
following Fig. 4. In fact, w; and we should both be 0 after cutting-off, but we allow a little error here. As we

mentioned before, the pure rolling condition is roughly satisfied, not precisely.
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Figure 4: The numerical results of angular velocities after cutting-off



